Abstract-Cognitive radio (CR) systems can improve radio spectrum utilization by allowing secondary access of underutilized spectrum resources. With interweave cognitive implementation, secondary users have to wait for spectrum opportunities before their transmission. Therefore, the total delivery time of secondary transmission consists of both waiting slots and transmission slots. In this work, we study the resulting extended delivery time (EDT) of secondary transmission for a fixed amount of data over multiple primary channels. In particular, a birthdeath process is introduced to model the number of available primary channels, based on which, we derive the distribution function of the EDT for both continuous and periodic sensing cases. We also present selected numerical results to illustrate the mathematical formulation.
I. INTRODUCTION
Cognitive radio improves spectrum utilization by allowing unlicensed secondary users (SU) to access the under-utilized licensed frequency bands opportunistically without significantly affecting the performance of the licensed primary users (PU) [1] . With interweave implementation, SU need to locate spectrum holes (i.e. unoccupied licensed frequency bands of the primary system) through spectrum sensing. Specifically, SU can only access the channel that is not being used by PU and must stop its transmission as soon as PU reappear. One of the main challenge of this implementation is spectrum sensing. In order to return the channel to PU and then to re-access the same or another channel to complete the transmission, spectrum handoff techniques are also required. The SU transmission of a given amount of data may involve multiple spectrum handoffs, which will result in extra transmission delay. The total time needed for data transmission will consist of all the waiting periods before accessing the primary channels and the time needed for completing the transmission, which is called the extended delivery time (EDT) [2] .
Delay and throughput analysis for secondary systems have been a constant focus for cognitive systems. [2] derived analytical bounds on the throughput and transmission delay of secondary transmission in cognitive radio network. For interweave transmission, [3] investigates the average service and waiting time for SU in a single transmission slot for the general primary traffic model. An analytical expression for the probability density function of the service time available to a secondary user during a fixed time slot was derived in [4] . A lower bound on the service time of SU for packets with length varying according to some general random distribution was derived in [5] . [6] calculates the effect of multiple spectrum handoffs on the average EDT of a secondary packet in a cognitive radio network with multiple channels and users. Probability of successful transmission in cooperative wireless communication with the hard delay constraint was studied in [7] .
When the SU transmission is interrupted due to the reappearance of PU, secondary system can adopt either the work preserving strategy or non-work preserving strategy. With the work preserving strategy, the SU transmission can continue from the point it was interrupted [6] , whereas, in non-work preserving strategy, the interrupted secondary transmission must restart from the beginning and therefore previous transmission is wasted [2] . The work preserving strategy can be achieved with the use of rateless codes, e.g. Fountain code [11] and Raptor code [12] . This strategy also applies to small and individually coded sub-packet transmission scenarios. [13] , [14] derived the exact expressions of the probability density function (PDF) for the EDT of SU transmission over a single PU channel and further used these expressions to analyze the average delay performance of secondary transmission. As far as we know, [13] , [14] are the only previous work where exact expressions for the PDF of EDT are derived. However, these expressions are limited to one PU channel scenario.
In this paper, we investigate the delay performance of secondary transmission over multiple PU channels with work preserving strategy under the interweave implementation. We introduce a birth-death process based approach to analyze EDT for the SU transmission over multiple primary channels and derive analytical expression of PDF and probability mass function (PMF) for the EDT of a fixed amount of secondary data. The accuracy of this approach is later verified through numerical simulations. To the best of our knowledge, the use of birth-death process to model a secondary user transmission over multiple primary channels is a completely new concept. Through selected numerical examples, we show that interweave transmission over multiple primary channels can effectively reduce the EDT. The rest of the paper is organized as follows. Section II presents the system model and problem formulation. This section also introduces the birth-death process and its reduction to a two-state continuous time Markov chain. In Section III, we use the intermediate results from Section II to find the distribution functions of EDT for both continuous and periodic sensing cases. Selected numerical examples, verifying the analytical results from Section III, are presented in section IV. Finally, Section V presents some concluding remarks.
II. SYSTEM MODEL AND PROBLEM FORMULATION
We consider a cognitive transmission scenario where a secondary transmitter and receiver pair opportunistically accesses N channels of a primary system. The occupancy of these channels by PU varies independently according to a homogeneous continuous time Markov chain with average busy duration of λ and average free duration of µ. Thus, the duration of busy and free time slots on each PU channel are independently exponential distributed. SU adopts an interweave implementation strategy. To be more precise, SU can only access a channel not used by PU and stop the access of that channel when PU starts transmission. Thus, no interference is caused to PU transmission. If a PU channel becomes unavailable, SU will treat it as a busy channel and try to access other channels instead.
SU monitors the activity of PU through spectrum sensing. Specific spectrum sensing techniques have been discussed in details in [15] and [16] . We assume perfect sensing for analytical tractability. The case of imperfect spectrum sensing will be considered in future work. To ensure no interference with the PU activity, we assume that during transmission, SU constantly monitors the PU activity of that particular channel. When the PU reappears during the SU transmission, SU will either switch to another free channel and continue transmission or wait for a free channel before transmission.
Meanwhile, when not transmitting, SU can monitor the activity of PU channels using two different approaches, i.e. continuous and periodic sensing. With continuous sensing, SU continuously senses all the channels and start their data transmission as soon as a free channel is found, whereas, in periodic sensing case, SU senses the primary channels periodically, with a sensing period of T s . We assume that the duration of spectrum sensing is very short and negligible compared to transmission duration.
The continuous period of time during which SU transmits over a particular channel is referred to as a transmission slot. Similarly, continuous period of time, during which SU is not transmitting, is referred to as a waiting slot. With periodic sensing, the waiting slot may also include the time period when a PU channel has become free but SU has not yet sensed the channels. Fig. 1 illustrates the effect of PU activity on transmission and waiting slots for periodic sensing case.
A. Birth-Death Process
In this work, we analyze the total data delivery time (which consists of a interleaved sequence of transmission slots and waiting slots) of a secondary system over multiple primary channels. The total delivery time is given by T ED = T tr +T w , where T tr is the data transmission time and T w is total waiting time of SU. In general both T tr and T w are some random variables, where T w depends on T tr , the PU behavior and sensing strategies, and T tr depends upon the channel conditions and the SU data size. Here, we assume T tr is constant. As such, to derive the exact distribution of EDT, we need to derive the exact distribution function of T w [14] .
We introduce a birth-death process to model the variation of the number of free primary channels. An illustration of this birth-death process is shown in Fig. 2 , where state i corresponds i PU channels are free and the remaining N − i ones are busy. Here, a birth refers to an additional primary channel going from busy state to free state. Similarly, a death corresponds to the event that a free primary channel becomes busy. Since the duration of each primary channel in free state is exponential with rate 
B. Two-State Markov Chain from the Birth-Death Process
Now, by observing the transmission pattern in Fig. 1 , it becomes clear that the SU will only be in the waiting slot when the system is in state 0. We consolidate the complete multi-state birth death process into a two state continuoustime Markov chain shown in Fig. 3 where 1 λ0 = N λ is rate of leaving state 0, and 1 µ * is the rate of coming back to state 0. Assuming at time t = 0, the process goes from state 0 to state 1, and T 1 represents the time it takes for the process to go back to state 0. Then, we have 
In particular, E[T 1 ] is the average time duration that takes for the number of free primary channels to go back zero is given by
III. EXTENDED DELIVERY TIME ANALYSIS
We can apply this reduced two-state continuous time Markov chain to analyze the EDT for the SU based on the results in [13] .
A. Continuous Sensing
For continuous sensing case, the PDF of EDT f T ED (t) for single PU channel case was given by [13] 
where u(·) is unit step function, I n (·) is the modified Bessel function of the first kind of order n, λ is the average busy time for the primary user, µ is the average free time for the primary user and δ(t) is the delta function. Now, as seen in Fig. 3 , the average free time for our reduced two-state continuous markov chain is µ * and the average busy time is λ 0 = λ N . So, by replacing µ and λ in Eq. (4) with 
B. Periodic Sensing
The PMF of EDT of one PU for periodic sensing case from [13] is given by
where n is total number of sensing instances, 1 F 1 (., ., .) is the generalized Hyper-geometric function and β is the probability that the primary user is on at the sensing instance given it was sensed free T s time period earlier and given by
Now, similar to the continuous sensing case, substituting µ and λ from Eqs. (6) and (7) by µ * and λ N respectively, we get and the PMF of the EDT T ED for the periodic sensing case over N primary channels is given by
IV. NUMERICAL EXAMPLES Fig. 4 plots the analytical result for the PDF of EDT for the continuous sensing scenario, given in Eq.(5). The corresponding plots for the simulation results for the different values of N , are also shown. The near perfect match between the analytical and simulation results verify our birth-death process based analytical approach 1 . Also, the general trend of decreasing average EDT with an increase in the number of primary channels N also gets verified. Fig. 5 plots the PMF of EDT for periodic sensing case for different number of primary channels N . The corresponding simulation results are also shown. The plot shows that the analytical results reconcile with the simulation results very well. Also, these plots verify the expected trend of decreasing in average EDT for periodic sensing as the number of primary channels N increases. Fig. 6 shows the analytical PMF envelope of the EDT with the periodic sensing case corresponding to the different sensing periods T s along with the analytical PDF of the continuous sensing case. As T s approaches 0, the performance of periodic sensing converges to that of continuous sensing case, which is as expected.
V. CONCLUSION
This paper studied the extended delivery time of secondary data transmission over multiple primary user channels in an interweave cognitive setup. A birth-death process is introduced to model the secondary transmission. The probability density function and probability mass function of EDT for a fixed amount of data were derived for continuous sensing and periodic sensing cases, respectively. Simulation results were presented to verify the analytical results. Near perfect match between the analytical and the simulation results verified that a birth-death process can be used to model and analyze secondary transmission over multiple primary channels. Ongoing effort are considering the effect of non-identical PU behaviors and imperfect spectrum sensing.
APPENDIX A
In this appendix, we derive the expression for E[T i ], which denotes the average time that it takes for the process, starting from state i, to enter state i − 1, for 1 ≤ i ≤ N . We will recursively compute E[T i ], i ≤ N , by starting from i = N . Since T N is exponential with rate
For 1 ≤ i ≤ N , we condition on whether the first transition is a birth or a death. That is, let
, if the first transition from i is to i − 1( is death) 0, if the first transition from i is to i + 1( is birth)
and note that
and
(12) This follows, since independent of whether the first transition is either a birth or a death, the time for this transition is exponential with rate 1 λi + 1 µi . If this first transition is a death, then the number of free primary channels becomes i − 1. Therefore, no need for any additional time. If it is a birth, then the number of free primary channels becomes i + 1 and then the additional time needed to reach i − 1 is equal to the time that it takes to return to i (this is E[T i+1 ]) plus the time that it takes to reach i − 1 (this is E[T i ]). Now, as the probability that the first transition is a death is
, using Eqs. (11) and (12) 
or, equivalently,
Starting 
